Abstract. Let R be an arbitrary ring with identity and M a right R-module with S = End R (M ). Let Z 2 (M ) be the second singular submodule of M . In this paper, we define Goldie Rickart modules by utilizing the endomorphisms of a module. The module M is called Goldie Rickart if for any f ∈ S, f −1 (Z 2 (M )) is a direct summand of M . We provide several characterizations of Goldie Rickart modules and study their properties. Also we present that semisimple rings and right Σ-t-extending rings admit some characterizations in terms of Goldie Rickart modules.
Proof. Let M be a t-Baer module and f ∈ S. Since t M (Sf ) = f −1 (Z 2 (M )), M is a Goldie Rickart module. The converse is true due to [2, Theorem 3.2] .
In [2] it is said that a submodule N of a module M is t-essential if for every
, and N is called t-closed if N has no t-essential extension in M . The module M is called t-extending if every t-closed submodule of M is a direct summand of M , while a ring R is called right Σ-t-extending if every free R-module is t-extending.
Proposition 2.5. Every t-extending module is Goldie Rickart.
Proof. Let M be a t-extending module and f ∈ S. By [2, Corollary 2.7], for any
By combining Proposition 2.5 with [2, Theorem 3.12] we have Theorem 2.6.
Theorem 2.6. The following are equivalent for a ring R.
(1) R is right Σ-t-extending.
(2) Every R-module is t-extending.
(3) Every R-module is t-Baer.
(4) Every R-module is Goldie Rickart.
We obtain the next result as an immediate consequence of [3, Theorem 2.15], [2, Theorem 3 .12] and Theorem 2.6.
Proposition 2.7. If a ring R is Morita-equivalent to a finite direct product of full lower triangular matrix rings over division rings, then every R-module is Goldie Rickart.
We now give a useful characterization of Goldie Rickart modules by using Goldie torsion submodules. In [9] , if I is an ideal of a ring R, it is said that idempotents lift strongly modulo I if whenever a 2 − a ∈ I, there exists e 2 = e ∈ aR (equivalently e 2 = e ∈ Ra)
such that e − a ∈ I. Also a ring R is called
semisimple and idempotents lift strongly modulo Z 2 (R R ).
Corollary 2.9. Let R be a Z 2 (R R )-semiperfect ring. Then every R-module is Goldie Rickart. Example 2.11. Let P = {p ∈ Z | p is prime} and consider the Z- (2) Consider Z 4 as a Z-module. Then Z 4 is a Goldie Rickart module due to
. On the other hand, for f ∈ End Z (Z 4 ) with f (1) = 2,
is not a direct summand of Z 4 . Hence Z 4 is not Rickart.
Now we give a relation between the Rickart and Goldie Rickart modules.
Theorem 2.14. Let M be a module. Then the following are equivalent.
(1) M is Goldie Rickart and
(2) M is Rickart and
is a direct summand of M and by hypothesis, r M (f ) is a direct summand of (
we have Z(M ) = Z 2 (M ). Then Theorem 2.14 completes the proof. (1) M is a Goldie Rickart module.
Proof. Let f ∈ S and consider the exact sequence 0 → f In the next result we give a characterization of semisimple rings by using the notion of Goldie Rickart modules.
Theorem 2.17. The following are equivalent for a ring R.
(1) Every R-module is Goldie Rickart and its Goldie torsion submodule is projective.
(2) R is semisimple. (2) ⇒ (1) Let M be an R-module and f ∈ S. Consider the exact sequence Proof. Let f ∈ End R (N ). By hypothesis, there exists g ∈ S such that g |N = f
and being M Goldie Rickart, there exists e = e 2 ∈ S such that g
Since N is fully invariant, e |N is an idempotent of End R (N ). We claim that
In order to see other inclusion,
Hence we have e |N N ⊆ f −1 (Z 2 (N )). This implies that N is Goldie Rickart.
Recall that a module M is called quasi-injective if it is M -injective. It is well known that every quasi-injective module is a fully invariant submodule of its injective hull. By considering this fact, we can say the next result as an immediate consequence of Lemma 2.18.
then so is every submodule of M .
Proof. Let M be a Goldie Rickart module, N a submodule of M and f ∈ End R (N ).
By quasi-injectivity of M , f extends to an endomorphism g of M . Then g −1 (Z 2 (M )) = eM for some e = e 2 ∈ S. Since N is fully invariant in M , the proof follows from Lemma 2.18.
Proposition 2.21. Every direct summand of a Goldie Rickart module is also
Goldie Rickart.
Proof. Let M be a Goldie Rickart module and N a direct summand of M . There
In comparison with Proposition 2.21, in general, a direct sum of Goldie Rickart modules may not be Goldie Rickart as shown below. On the other hand, for f = e 11 2x + e 12 x ∈ S, r M (f ) = (−e 12 x + 2e 22 x)R is not a direct summand of M . Hence M is not Rickart, therefore it is not Goldie Rickart.
Now we investigate some conditions about when direct sums of Goldie Rickart modules are also Goldie Rickart, but more details are in the last section.
Proposition 2.23. Let {M i } i∈I be a class of R-modules for an arbitrary index set
is Goldie Rickart if and only if
M i is Goldie Rickart for every i ∈ I.
Proof. The necessity is clear by Proposition 2.21. Conversely, let M = i∈I M i and
On the other hand, we have f Proof. Let I be a finite index set, assume I = {1, 2, . . . , n}. By Theorem 2.8,
where N is Rickart. Then End R (N ) = eSe for some idempotent e ∈ S, and so End R ( Proof. Let K be any direct summand of M . Then there exist idempotents e, f ∈ S such that N = eM and
By virtue of Lemma 2.26, we obtain the next result, and then we give another characterization of Goldie Rickart modules.
Proposition 2.27. Let M be a Goldie Rickart module. Then M has the summand intersection property for direct summands which contain Z 2 (M ). (1) M is Goldie Rickart.
(2) t M (I) is a direct summand of M for each finite subset I of S.
Proof.
(1) ⇒ (2) Let n ∈ N and I = {f 1 , f 2 , . . . , f n } ⊆ S. For the proof, we apply induction on n. If n = 1, then there is nothing to show. Now let n > 1 and suppose the claim holds for n − 1.
(2) ⇒ (1) Obvious. Proof. Let N be a direct summand of M . By Theorem 2.8,
is also projective (injective), and so Z 2 (M ) + N is projective (injective).
Lemma 2.30. Let R be a ring, M an R-module and N a submodule of M . Then
is a ring without zero divisors and the submodule N is a torsion R-module, then M/N ) ). Moreover, if R is a ring without zero divisors and the submodule N is a torsion R-module, then (f
Proof. Let f ∈ End R (M/N ) and π denote the natural epimorphism from M to M/N . Consider the following diagram
. Let R be a ring without zero divisors and the submodule N a torsion R-module. Then for any m + N ∈ f −1 (Z 2 (M/N )), by Lemma 2.30,
, and so Proof. Let f ∈ End R (M/N ). By Lemma 2.31, there exists f ∈ S with (f 
Applications : Goldie Rickart Rings
In this section we study the concept of Goldie Rickart for the ring case. A ring R is called right Goldie Rickart if the right R-module R is Goldie Rickart, i.e., for any a ∈ R, the right ideal a As in the following example, the Goldie Rickart property does not pass on from a module to any its over module in general. Being N nonsingular, it is also Goldie Rickart. But it is known from Example 3.1, M is not Goldie Rickart.
According to Proposition 2.21, we have the next result.
Proposition 3.4. Let R be a right Goldie Rickart ring. Then for every idempotent e of R, eR is a Goldie Rickart module.
Lemma 3.5. Every finitely generated projective module over a von Neumann regular ring is Goldie Rickart.
Proof. Let R be a von Neumann regular ring and M a finitely generated projective R-module. Then M is a direct summand of a finitely generated free R-module F .
We can see F as
R i where n ∈ N and R i = R for all i = 1, . . . , n. Since R is von Neumann regular, it is a right Goldie Rickart ring. Hence F is also Goldie Rickart from Proposition 2.25 and so is M due to Proposition 2.21.
Proposition 3.6. Every finitely presented module over a von Neumann regular ring is Goldie Rickart.
Proof. Let R be a von Neumann regular ring and M a finitely presented R-module.
Then M is a flat module. Since M is finitely presented, it is finitely generated and projective. Hence Lemma 3.5 completes the proof.
Proposition 3.7. Every abelian free module over a right Goldie Rickart ring is Goldie Rickart.
Proof. Let R be a right Goldie Rickart ring and F an abelian free R-module. Assume that F is i∈I R i where I is any index set and R i = R for all i ∈ I. Being R Goldie Rickart as an R-module, F is Goldie Rickart from Corollary 2.24.
The following theorem gives a characterization of right Goldie Rickart rings in terms of Goldie Rickart modules.
Theorem 3.8. Let R be a ring and consider the following conditions.
(1) Every R-module is Goldie Rickart.
(2) Every nonsingular R-module is Rickart and Z 2 (R R ) is a direct summand of R.
(3) Every projective R-module is Goldie Rickart.
(4) Every free R-module is Goldie Rickart.
(5) R is a right Goldie Rickart ring.
(6) Every cyclic projective R-module is Goldie Rickart.
Proof. (2) ⇒ (4) Let F be a free module. By hypothesis Z 2 (R R ) is a direct summand of R, and so
Since L is nonsingular, it is Rickart. Then F is Goldie Rickart due to Theorem 2.8.
(4) ⇒ (3) Let P be a projective module. Then there exists a free module F and a submodule K of F such that P ∼ = F/K. Hence K is a direct summand of F . Let F = K ⊕ N for some submodule N of F . By (4), F is Goldie Rickart and due to Proposition 2.21, N is Goldie Rickart and so is P . I is Goldie Rickart and so is M .
Relatively Goldie Rickart Modules
Example 2.22 shows that a direct sum of Goldie Rickart modules need not be Goldie Rickart. In this section we define relatively Goldie Rickart property in order to investigate when are direct sums of Goldie Rickart modules also Goldie Rickart. 
is a direct summand of M .
Note that in Definition 4.1,
It is evident that a module M is Goldie Rickart if and only if it is M -Goldie Rickart. 
and so
is a direct summand of M . This implies that f −1 (Z 2 (M 1 )) is a direct summand of
The rest is clear. (1) M is Goldie Rickart.
(2) For any direct summand N of M and any submodule K of M , N is KGoldie Rickart.
(3) For any direct summands N and K of M and any f :
is a direct summand of N .
Recall that a module M has C 2 condition if any submodule N of M which is Corollary 4.5. Let M be a Goldie Rickart module with C 2 condition. Then any finite direct sum of copies of M is also Goldie Rickart.
Proposition 4.6. Let R be a right Goldie Rickart ring with C 2 condition as an R-module. Then the following hold.
(1) Every finitely generated free R-module is Goldie Rickart.
(2) Every finitely generated projective R-module is Goldie Rickart.
(1) Clear from Corollary 4.5.
(2) The condition (1) and Proposition 2.21 complete the proof.
Proposition 4.7. Let {M i } i∈I be a class of R-modules for an index set I and N an R-module. Then the following hold.
(1) If N has the summand intersection property for direct summands which contain Let π i denote the natural projection form
(2) and (3) are proved similar to (1). 
. By Theorem 4.2, L i is N -Goldie Rickart for i = 1, 2. Note that f
Thus f We conclude this paper by presenting a result on Goldie Rickart property of i∈I M i apart from Theorem 4.4.
Corollary 4.10. Let {M i } i∈I be a class of R-modules where I = {1, 2, ..., n}.
Assume that M i is M j -injective for all i < j ∈ I. Then i∈I M i is a Goldie Rickart module if and only if M i is M j -Goldie Rickart for all i, j ∈ I.
Proof. The necessity is true by Theorem 4.2. For the sufficiency, assume that M i is M j -Goldie Rickart for all i, j ∈ I. Due to Corollary 4.8, M i is i∈I M i -Goldie
Rickart. According to Theorem 4.9, i∈I M i is also i∈I M i -Goldie Rickart, hence it is Goldie Rickart.
